Abstract. This paper addresses the question of when there exists a model category structure on a category C with a specified subcategory of weak equivalences W. Although in general this question is very difficult, it turns out that in the case when C is a preorder it is possible to give simple necessary and sufficient conditions for such a structure to exist. In addition, this structure is unique in the sense that any two different structures are Quillen equivalent via a zigzag of identity functors.
Introduction
Model categories have been useful since their introduction by Quillen in [Qui67] . However, the question of constructing model structures is still a difficult one. Model category structures do not arise "in the wild" generally; instead, one often has a category C with a subcategory of weak equivalences W, and wants to find a model structure on C using these weak equivalences. Thus we have the following question:
Question. Given a bicomplete category C, together with a subcategory W ⊆ C, when is there a model structure on C such that W is the subcategory of weak equivalences?
There are many techniques for answering this question in specific (but commonly arising) cases, such as cofibrant generators (see, for example, [Hov99] ) or Bousfield localization (see, for example, [Hir03] ), but the general question remains unanswered. In [DZ] , the authors looked at some special cases in which W is particularly nicely defined.
In this paper we answer the question in the case when C is a preorder. In the study of model categories small categories do not usually arise, as by a theorem of Freyd all small bicomplete categories are preorders. However, as model categories have proved their usefulness over the last fifty years, we believe that a study of model categories independent of their uses is justified, and a first step in such a study is the classification of simple examples. The main result of this paper is the following:
Theorem 0.1. Let C be a bicomplete preorder and W a subcategory of C. A model structure exists on C with weak equivalences W if and only if the following conditions hold.
• For any two composable morphisms f and g in W, if gf is in W then f and g are in W.
• There exists a functor χ: C → C such that χ(W) ⊆ iso C, and for every object A ∈ C, the diagram
This is proved in Theorem 4.4. A secondary question to the question of existence is how unique such a choice is. We show that if all weak equivalence classes in C are small then this choice is unique up to a zigzag of Quillen equivalences each component of which is an identity functor. This is proved in Theorem 5.3.
In addition, it turns out that model categories on preorders are fundamentally simple.
Theorem 0.2. Let C be a model structure on a preorder C. Then C is Quillen equivalent to a model structure D on a poset D given by
This is proved in Theorem 6.1. It turns out that we can take D to be the homotopy category of C.
The organization of this paper is as follows. In Sections 1 and 2 we give general categorical preliminaries. Section 3 considers the case of finite preorders C and gives a first-order condition for a model structure to exist in such cases. Section 4 proves the main theorem. Section 5 concerns equivalences between model structures with the same weak equivalences and proves Theorem 5.3. Section 6 discusses model structures on preorders up to Quillen equivalence and proves that any such model structure is Quillen equivalent to its homotopy category.
Notation. In this paper, all categories will be assumed to be skeletal, in the sense that if A → B is an isomorphism in C then A = B. As equivalence of categories preserves model structures and all categories are equivalent to a skeletal category, this does not lose any generality for our results. A poset is a skeletal category C such that for all objects A and B, # Hom C (A, B) ≤ 1. When C is small then it uniquely defines a poset in the classical sense, with underlying set ob C and relation A ≥ B if # Hom(A, B) = 1. Conversely, given a classical poset P we can define a category C with ob C = P and Hom C (A, B) = { * } if A ≥ B and ∅ otherwise. Thus our notion of a poset corresponds exactly to the classical notion of a poset except that we allow the class of objects to be a proper class, not simply a set.
A category C is bicomplete if it contains all small limits and colimits. Definition 1.1. For any two morphisms f : A → B and g: X → Y in C we say that f lifts on the left of g or g lifts on the right of f if for all commutative squares
there exists a morphism h: B → X which makes the diagram commute. If f lifts on the left of g we write f g. For any class S of morphisms of C, we write S = {g ∈ C | f g for all f ∈ S}, and S = {f ∈ C | f g for all g ∈ S}.
Note that both S and S can be proper classes. Definition 1.2. A maximal lifting system (henceforth written MLS) in C is a pair of classes of morphisms (L, R) satisfying the following three conditions:
A weak factorization system (henceforth written WFS) is a MLS such that every morphism f in C can be factored as f R f L with f R ∈ R and f L ∈ L.
Lemma 1.3. Let J be any class of morphisms in C. Then J is closed under pullbacks in C and arbitary products. Dually, J is closed under pushouts in C and arbitrary coproducts. From this point onwards, C is a bicomplete poset. We begin with a lemma which we will use repeatedly to prove lifting properties. Lemma 1.4. Let J be a class of morphisms in C, closed under pushouts along morphisms in C. For a morphism f : A → B, J f if and only if the class
Proof. First, suppose that J f and consider any factorization of f as A → C → B where A = C. We then have a diagram
which cannot have a lift since A = C. But then A → C / ∈ J, since J f ; thus A is empty.
Conversely, suppose that the class A is empty, and consider any diagram
As J is closed under pushouts, the morphism g ′ : A → A ∪ X Y is also in J. Since f factors through g ′ , g ′ ∈ J and A is empty, we must have
The following two lemmas are used for proving that lifting systems are actually WFSs. We say that a poset C is right-small with respect to class L if for all objects A ∈ C, the class {f ∈ L | dom f = A} is a set. Dually, C is right-small with respect to R if for all objects A ∈ C the class {f ∈ R | codom f = A} is a set. Lemma 1.5. Suppose that (L, R) is a pair of classes of morphisms such that R = L and L contains all isomorphisms. If C is left-small with respect to L and L is closed under compositions, pushouts in C and arbitrary coproducts then (L, R) is a WFS.
Proof. By [MP12, 14.1.13], in order to show that (L, R) is a WFS it suffices to show that every morphism f :
Let f : A → B be any morphism in C. Let
and let A = colim S; note that since C is left-small with respect to L, S is a set, and as C contains all colimits this is well-defined. The morphism A → A can be written as
We claim that A → A → B gives the desired factorization. We need to show that A → B ∈ R = L . By Lemma 1.4 we just need to show that there are no factorizations of A → B through noninvertible morphisms A → Z ∈ L. This is true by the definition of A, and A → B ∈ L , as desired.
Note that we can write
Thus if L is closed under pushouts and compositions then it is also closed under binary coproducts. Therefore in the special case where C is finite the above lemma applies if L is closed under pushouts and compositions. As a corollary of Lemmas 1.3 and 1.5 we get the following:
is a MLS and C is left-small with respect to L or right-small with respect to R then (L, R) is a WFS.
1.2. Centers. Definition 1.7. We say that a subcategory W of a category C satisfies strong 2-of-3 if it satisfies the following condition: S2OF3: For any morphism f ∈ W, if f = gh for some morphisms g and h, then both g and h are in W.
For the rest of this section, fix a bicomplete poset C and a subcategory W that satisfies (S2OF3). We will denote morphisms in W by (1) The image of χ| W only contains identity morphisms.
(2) For all A ∈ C the diagram
Recall that we assumed C to be skeletal. Thus (1) implies that if f : A → B is in W then χ(f ) = 1 χ(A) . In particular, if there exists a zigzag of morphisms in W connecting A and B then χ(A) = χ(B). If the morphism A → χ(A) or the morphism χ(A) → A exists then it is a weak equivalence,
The following lemma shows that the morphisms in J χ behave like acylic cofibrations and that the morphisms in Q χ behave like acyclic fibrations, which will later motivate our construction of a model structure in Section 4. Lemma 1.9. Let {f i : A i → B i } i∈I be a family of morphisms such that f i ∈ J χ for all i. Then i∈I f i ∈ J χ . Dually, if {g i : A i → B i } i∈I is a family of morphisms such that g i ∈ Q χ for all i ∈ I then i∈I g i ∈ Q χ .
Proof. We will prove the first part of the lemma; the second follows by duality. Note that if the coproduct of the morphisms f ′ i : A i → χ(A i ) (which exist because f i ∈ J χ ) is a weak equivalence then by (S2OF3) so is the coproduct of the f i 's. Therefore it remains to prove this special case. Let X = i∈I A i and X ′ = i∈I χ(A i ); we want to show that the morphism X → X ′ is a weak equivalence. For all i ∈ I we have a morphism A i → X, and thus a morphism χ(A i ) → χ(X); therefore there is a morphism X ′ → χ(X). In particular, we see that the morphism X → χ(X) exists, and is thus a weak equivalence. This weak equivalence factors as X → X ′ → χ(X), so by (S2OF3), X → X ′ is a weak equivalence, as desired.
Proof. We will prove the first statement; the second will follow by duality. Let p: X → Y ∈ Q χ , and consider a diagram
Applying χ to the square takes p to the identity morphism on χ(X), and by the defining properties of Q χ and f we see that we get a diagram
This gives the desired lift.
As a special case of this lemma, we see that for any object A ∈ C, (∅ → χ(A)) Q χ and J χ (χ(A) → * ).
Proof. Let C = χ(A) = χ(B). Then by (S2OF3) and the definition of χ the morphisms A × C → C and C → B ∪ C are both weak equivalences. Thus A × C → C → B ∪ C is a weak equivalence. But we can also factor this morphism as
so by (S2OF3) f is a weak equivalence.
Lemma 1.12. If χ 1 and χ 2 are two different choices of centers then χ 1 × χ 2 is another choice of centers.
Proof. Since C is closed under products, χ 1 × χ 2 is clearly a well-defined functor C → C. We just need to check the other conditions.
(1) We need to show that χ 1 × χ 2 | W hits only identity morphisms. If
(2) We write C i = χ i (A) for i = 1, 2 in the interests of space. We know that there exists a diagram
in W; thus C 1 and C 2 are connected by a zigzag of morphisms in W, and in particular we know that χ 1 (C 2 ) = C 1 . Thus we also have a diagram
We want to show that the diagram
Thus we have the following diagram,
where the morphisms that we know are in W are marked with ∼. The fact that the middle square is in W follows by (S2OF3).
To finish up the discussion of centers we prove a technical lemma that will be used later in our proofs that certain structures give model categories.
L is closed under pushouts and R is closed under pullbacks,
A → B such that 1 B ∈ J χ are in L, and (5) All morphisms in W factor as a morphism in L followed by a morphism in R.
Proof. We will prove this assuming that the first part of condition (4) holds; since the other conditions are self-dual, the proof for the other part follows by duality.
As L R, by [MP12, 14.1.13] we know that if all morphisms in C factor as a morphism in L followed by a morphism in R then (L, R) is a WFS. Consider any morphism f : A → B ∈ C. We have the following diagram in C, where morphisms in L are drawn as ֒→ and morphisms in R are drawn as ։:
A
Both squares in the diagram are pushout squares. The top horizontal morphism and the bottom-left vertical morphism are in L because they are pushouts of morphisms in J χ , which is a subset of L by hypothesis (3). Thus the other three morphisms in the bottom square are also in L by hypothesis (2). The bottom horizontal morphism is also in R, as it is in Q χ , so by hypothesis (1) it must be an identity morphism; this shows that the dashed morphism exists. By hypothesis (4), the morphism A ∪ χ(A) → B ∪ χ(B) is in R; thus by hypothesis (2) its pullback along the morphism B → B ∪ χ(B) must also be in R. Thus we can factor f as
The first of these must be a weak equivalence by (S2OF3); thus by hypothesis (5) we can factor it as a morphism in L followed by a morphism in R. This gives the desired factorization of f .
Model structures on posets
We are now ready to discuss model structures. We begin by recalling the definition of a model category, using the WFS definition (as presented in, for example, [MP12] and [Rie14] ). In this section C will always be a poset.
Definition 2.1. A model structure C on a bicomplete category C is the specification of three subcategories of C called the weak equivalences (C we ), the cofibrations (C cof ) and the fibrations (C f ib ). Those three subcategories should respect the following axioms.
WFS:
The pairs
are WFSs. 2OF3: For morphisms f and g, if two of the morphisms f , g and gf are weak equivalences, then so is the third. We call a morphism which is both a cofibration (resp. fibration) and a weak equivalence an acyclic cofibration (resp. acyclic fibration).
We begin our exploration of model structure on posets with a uniqueness lemma; we omit its proof as it is a straightforward definition check.
Lemma 2.2. In C, factorizations into an acyclic cofibration and a fibration or a cofibration and an acyclic fibration are unique.
Each weak equivalence class has a unique fibrant and cofibrant object. In addition, in each weak equivalence class all elements in the class are zigzag distance at most two from this object. The zigzags can be chosen to consist of an inverse acyclic fibration and an acyclic cofibration; the choice of such a zigzag is unique.
We mention an important example of a particular type of weak equivalence class.
Example 2.3. Suppose that C contains a weak equivalence class with the following diagram:
Then the model structure must assign the morphisms as follows:
be the cofibrant fibrant object, as it is the only object with zigzag distance 2 from all other objects in the weak equivalence class. U and U ′ must be cofibrant, as they receive no weak equivalences; dually, D and D ′ must be fibrant. The morphisms U → C and C → D are cofibrations and fibrations, respectively, as U, U ′ cannot be fibrant and D, D ′ cannot be cofibrant. The morphism U → E is the pullback of the morphism C → D along E → D, so it is also a fibration; dually, the morphism E → D is the pushout of U → C and must be a cofibration.
Proposition 2.4 (Strong 2-of-3). C we satisfies (S2OF3).
Proof. Suppose that f ∈ C we . Write f = gh. Factor g as a cofibration followed by an acyclic fibration, and factor f as an acyclic cofibration followed by an acyclic fibration, so that we have the following diagram:
Then this diagram has a lift α: C ′ → A ′ . As C is a poset, α is the pushout of f ac along g c , so it must also be an acyclic cofibration. By (2OF3) g c is also a weak equivalence. Thus g is also a weak equivalence, and by (2OF3) h is as well.
Thus from Lemma 1.11 we know that in any model structure C on C, any morphism between two objects in the same weak equivalence class is a weak equivalence.
Lemma 2.5. Every model structure on C gives a choice of centers.
Proof. Suppose that A and A ′ are two cofibrant fibrant objects in the same weak equivalence class in C. Then in the homotopy category of C they are isomorphic, so there are morphisms A → A ′ and A ′ → A in C. As C is skeletal, this means that A = A ′ , and each weak equivalence class has a unique cofibrant fibrant object. We define χ(A) = A cf , the cofibrant fibrant object in the same weak equivalence class as A, so χ is well-defined and satisfies the first condition for a choice of centers. To check the second one, let A c be a cofibrant replacement of A and A f be a fibrant replacement of A; then we have a diagram
in C we . By Lemma 2.4, C we satisfies (S2OF3), so the square
must also be in C we .
Quite often when a model structure is desired "in the wild" one has a subcategory W ⊆ C which is defined by W = F −1 (iso D) for some functor F : C → D. For a model structure C on C, we have C we = χ −1 (iso C) for χ its associated choice of centers. However, even though χ is uniquely determined by C the reverse does not hold.
Example 2.6. The following two model structures have the same choice of centers. All cofibrant objects are marked with · c and all fibrant objects are marked with · f . It is easy to check that they have a zigzag of Quillen equivalences (where every functor is the identity) between them. In Theorem 5.3 we will show that if C is small, model structures with the same choice of centers give Quillen equivalent model structures.
Proposition 2.7. If B is any cofibrant object in C and f : A → B is any morphism in C, then f is a cofibration in C. Dually, if A is fibrant then f is a fibration.
Proof. Factor f into a cofibration followed by an acyclic fibration. Then we have the following diagram:
By (WFS) this has a lift B → A ′ . As C is a poset we conclude that B = A ′ , so f is equal to the cofibration A ֒→ A ′ . The second part follows by duality.
Corollary 2.8. If C = χ(C) and f : U → C ∈ C we then f is an acyclic cofibration. Dually, if g: C → D ∈ C we then g is an acyclic fibration.
We finish up this section with a result we will later use in Section 5 to compare model structures. The idea of this proposition is to construct a "minimal" model structure where a given class of morphisms is contained in the acyclic cofibrations. If we fix the weak equivalences then such a class uniquely determines a model structure. Thus all tha tneeds to be done in the proof is to check that the model structure is well-defined.
Proposition 2.9. Let C be a bicomplete poset, W a subcategory satisfying (S2OF3) and J a class of morphisms in W. We define
C is a model structure if the following extra assumptions hold:
(1) All connected components of W are small.
Proof. We know that (2OF3) is satisfied, so we just need to check (WFS). First consider (C cof , C f ib ∩ C we ). By definition C cof = (C f ib ∩ C we ), so we only need to check that C cof ⊆ C f ib ∩ C we . First, note that
Thus C cof ⊆ J = C f ib . By assumption (2) we know that it is also a subset of C we , as claimed.. Now consider (C cof ∩ C we , C f ib ). Suppose that i: A → B ∈ C cof ∩ C we . By the dual of Lemma 1.4, i C f ib if and only if all factorizations A → Z → B with Z → B ∈ C f ib have Z = B. By (S2OF3) such a factorization has Z → B ∈ C we ; since i ∈ C cof it lifts on the left of Z → B and we must have Z = B, as desired.
We have C f ib ⊆ (C f ib ∩ C we ) = C cof . From assumption (3) we also know that it is a subset of C we , so C f ib ⊆ C cof ∩ C we . From above we know that J ⊆ C cof ∩ C we , from which it follows that (C cof ∩ C we ) ⊆ J = C f ib , and so (C cof ∩ C we , C f ib ) is an MLS, as claimed.
As C is a poset we can apply Lemma 1.6. As all connected components of W are small we know that C is left-small with respect to C cof ∩ C we and right-small with respect to C f ib ∩ C we . Thus both of the above MLSs are WFSs and (WFS) holds, as desired.
Model structures on finite posets
The goal of this section is to prove the following theorem:
Theorem 3.1. Let C be a small bicomplete category and W ⊆ C a subcategory. Let W c be the maximal subcategory of W closed under pushouts by morphisms of C and W f be the maximal subcategory of W closed under pullbacks by morphisms of C. Suppose that
(1) W satisfies (S2OF3), (2) W c is closed under arbitrary coproducts and W f is closed under arbitrary products, and (3) every morphism of W can be factored as a morphism in W c followed by a morphism of W f . Then there exists a model structure C such that
When C is finite any model structure satisfies these conditions.
Examining the conditions of the theorem it is clear why condition (1) and condition (3) are necessary for the existence of a model structure. However, it is less clear why condition (2) is necessary; even though acyclic cofibrations must be closed under arbitrary coproducts, there is no reason to conclude that the existence of a model structure implies that W c is closed under arbitrary coproducts. If C is finite then condition (2) holds automatically, and the theorem gives necessary and sufficient conditions for a model structure to hold. However, if C is infinite the conditions are sufficient but not necessary.
Example 3.2. Let C be the category with objects Z ≤0 ∪ {−∞} and with a morphism m → n if m ≥ n. We define W to be the full subcategory on Z <0 . Then W c = W f = W, but the morphism
so W c is not closed under coproducts. However, we can construct a model structure on this category by choosing any integer n and letting all morphisms m → n be acyclic cofibrations, and all morphisms n → m be acyclic fibrations. All integers m ≥ n are cofibrant, and all integers m ≤ n are fibrant. An analogous example can be constructed where W c is not closed under coproducts and W f is not closed under products can be constructed by taking C to have as objects {−∞, ∞} ∪ {1/n | n ∈ Z, n = 0}, and letting W be the subcategory of morphisms between finite numbers with the same sign.
However, it is not the case that condition (2) is unnecessary for the statement of the theorem to hold. Indeed, there are examples of infinite categories C where conditions (1) and (3) hold and no model structure exists. Consider the following counterexample: Counterexample 3.3. A diagram of this counterexample appears in Figure 1 on page 25. Let D be the following category:
We construct C in the following manner. For every nonnegative integer n, C contains a copy of D (which we call D n and refer to its objects by adding the subscript to the names in the above diagram) and an object A n . The other morphisms in the category are generated by morphisms A n → A n+1 , U n → A n−1 and C n → A n . In addition, C has a terminal and initial object. We let W contain all morphisms inside some D n and also all morphisms
Thus the category contains the diagram
where each U n → C n is contained in a copy of D.
Suppose that this category has a model structure C where C we = W. It is straightforward from the factorization and lifting axioms that U n → C n must be an acyclic cofibration for all n, and thus that A n−1 → A n must also be an acyclic cofibration. But then A 0 → colim n A n is a transfinite composition of acyclic cofibrations, and by the lifting property of acyclic cofibrations must also be an acyclic cofibration. But it isn't; it isn't even a weak equivalence. Thus there is no model structure on C with weak equivalences W.
Note that if C is finite then all of these conditions are first-order conditions. Thus when C is finite, the existence of a model structure on C is a first-order condition.
We now turn to the proof of Theorem 3.1.
Proof of Theorem 3.1. We check the axioms of a model stuctue. By assumption (S2OF3) holds, so it suffices to show that (C cof , C we ∩ C f ib ) and (C cof ∩ C we , C f ib ) are WFSs. First consider (C cof , C f ib ∩ C we ). We will show that C we ∩ C f ib is closed under pullbacks. Let f : X → Y be a morphism in C we ∩ C f ib . As C f ib is closed under pullbacks by definition, the only way that a pullback of f may not be in C we ∩ C f ib is if f / ∈ W f . As f is a weak equivalence we can factor it as hg, where g ∈ W c and h ∈ W f . Thus we have a diagram like this:
As f ∈ C f ib we know that it lifts on the right of all morphisms in W c , and in particular g; thus the dashed morphism exists. Thus g is an identity, f = h ∈ W f and C we ∩ C f ib is closed under pullbacks. As W f is closed under arbitrary products and so is C f ib , we know that C we ∩ C f ib is closed under arbitrary products. A small category is automatically right-small, so by the dual of Lemma 1.5 we know that (C cof , C f ib ∩ C we ) is a WFS. Now consider (C cof ∩C we , C f ib ). By assumption, we know that W c satisfies the conditions of Lemma 1.5, so (W c , C f ib ) is a WFS. Therefore it suffices to check that C cof ∩ C we = W c . As C f ib = W c , we know that C cof = (C f ib ∩ C we ) ⊃ C f ib ⊂ W c . As W c ⊆ C we by definition, we see that W c ⊆ C cof ∩ C we . It remains to prove equality. Suppose that f : A → B is both a cofibration and a weak equivalence. Factor f as hg, where g ∈ W c
and h ∈ C f ib . By (2OF3) we know that h ∈ C f ib ∩ C we . Thus we have the following diagram:
As f is a cofibration it must lift on the left of h, so we have a morphism B → X, and we see that f ∈ W c , as desired. Thus (C cof ∩ C we , C f ib ) is a WFS.
As an immediate corollary we get the following:
Corollary 3.4. If C and W satisfy the conditions of the theorem then there is a model structure C on C such that C we = W and C cof = W f .
This construction gives the "terminal" model structure on C with weak equivalences W, in the sense that all other such model structures are Quillen equivalent to it via the identity functor.
Corollary 3.5. Any two distinct model structures on C with weak equivalences W which satisfy the conditions of Theorem 3.1 are equivalent via a zigzag of Quillen functors each of which is the identity on C.
Proof. It suffices to show that any model structure C on C such that C we = W is equivalent to the model structure C ′ constructed in Theorem 3.1 via the identity functor. As the set of C-acyclic cofibrations is closed under pushouts in C C we ∩ C cof ⊆ W c . Thus
and the identity functor is a left Quillen equivalence C → C ′ .
Two model structures on a general poset
In this section we construct two model structures on a general poset C with a given subcategory W of weak equivalences. As before, we assume that C is bicomplete and W satisfies (S2OF3).
Definition 4.1. Suppose that χ is a choice of centers. We define
We begin we some technical lemmas about the interactions of W 
has a lift. As f ∈ W c and f ′ is a pushout of it, we know that f ′ ∈ W χ c . However, g ∈ Q χ , which means that f ′ = 1 X and the square has a lift, as desired.
and consider any diagram
where the morphism on the right exists because χ(A) = χ(B). Then there exists a morphism B ∪ A C → χ(C) ∪ C. Thus the weak equivalence C → χ(C) ∪ C factors through C → B ∪ A C, which is then a weak equivalence by (S2OF3). We need to check that if it is in Q χ then it is an identity. Suppose that there exists a morphism χ(C) → C. Then C = χ(C) ∪ C, and
. The second part follows by duality. We are now ready to construct a model structure that depends only on a choice of centers. By duality we will also automatically get the following.
Corollary 4.5. Suppose that C is a bicomplete poset, W is a subcategory satisfying (S2OF3) and χ is a choice of centers. Then the structure χ C defined by
is a model structure on C.
The key step in the proof of the theorem is the following. Proof. Suppose that X → Y is in W and let 
so it must be an identity morphism. Thus X ∪ C = B ∪ X ∪ C and a lift exists in the original square, as claimed.
. Let X → A be any morphism, and note that by (S2OF3) and Lemma 4.3 A → (Y ×(X ∪C))∪A is a weak equivalence if and only if
is a weak equivalence. We can therefore assume without loss of generality that there exists a morphism χ(A) → A. There exists a morphism C = χ(X) → χ(A) → A, so there exists a morphism X ∪ C → A. We thus have the following diagram
where both squares are pushout squares. The middle vertical morphism is an identity because there is a morphism Y × (X ∪ C) → C; the right-hand vertical morphism is an identity because it is a pushout of an identity. Thus all pushouts of X → Y × (X ∪ C) are weak equivalences not in Q χ , as desired.
Proof of Theorem 4.4. By Lemma 2.5 we know that if a model structure exists then there exists a choice of centers, so we focus on showing that C χ is a model structure. We need to show that (C
we ) is a WFS. For this we will use Lemma 1.13. We check the conditions in turn:
(1) This is true by definition.
, so it is automatically closed under pushouts. Now let f be in C χ f ib ∩ C χ we . Since by definition C χ f ib is closed under pullbacks, it suffices to show that f ∈ W χ f . By Lemma 4.6 we can factor f as f 2 f 1 , with f 2 ∈ W χ f and f 1 ∈ W c . Then we have the following diagram: 
we we know that χ(A) = χ(B); since we have a morphism A → X we also have a morphism χ(A) → χ(X) → X. Thus the above square has a lift if and only if the square 
Equivalences between model structures with the same weak equivalences
We now know that a model structure exists if and only if a choice of centers does. However, we still do not know whether any model structure that exists is Quillen equivalent to the one we constructed in Theorem 4.4. Since the homotopy category depends only on the choice of weak equivalences, all choices of cofibrations and fibrations should give Quillen equivalent model structures; ideally, we would like this to be true even in the situation when we restrict ourselves to Quillen equivalences whose underlying functors are identities, analogously to the statement of Corollary 3.5. This would show that in a very strong sense, the choice of cofibrations and fibrations for given weak equivalences is unique. It turns out that if we assume an extra smallness condition then this is the case.
Proposition 5.1. Suppose that C is any model structure on C with C we = W. Let J = (C cof ∩ C we ) ∪ J χ . We define
. If all connected components in W are small, then C ′ is another model structure on C, and the identity functor gives a left Quillen equivalence C → C ′ . Dually, if we set Q = (C f ib ∩ C we ) ∪ Q χ then there exists a model structure C ′′ with
Proof. By definition, we know that C cof ∩ C we f . Thus it suffices to show that W χ c f . By Lemma 1.4, it suffices to check that any factorization of f as X → Z → Y with X → Z in W χ c must have X = Z. But X → Z is in Q χ by definition, so by Lemma 4.2 it is an identity and X = Z.
Proof of Proposition 5.1. We will only prove the first part of this; the second follows by duality. We will use Proposition 2.9. Condition (1) is assumed, so we just need to check (2) and (3).
(2) Suppose that f : X → Y is in (C ′ cof ) . Factor f into a C-cofibration followed by a C-acyclic fibration. As C cof ⊆ C ′ cof f lifts on the right of the C-cofibration, and is thus equal to the C-acyclic fibration. Thus f ∈ C ′ we , as desired. (3) We will first show that if f : A → B ∈ C ′ f ib is such that 1 A ∈ Q χ then f is a weak equivalence. Indeed, suppose that this is the case. Factor f into a C-acyclic cofibration followed by a C-fibration. Then the C-fibration satisfies the condition of Lemma 5.2, so it is a C ′ -fibration, and f must lift on the left of it. Thus f is equal to the C-acyclic cofibration, and in particular it is a weak equivalence. Now suppose f ∈ C ′ f ib is arbitrary. Let f ′ be the pushout of f along A → A ∪ χ(A). Since f ′ is the pushout of f it is also in C ′ f ib , and as A → A ∪ χ(A) is in C ′ we , f is a weak equivalence if and only if f ′ is. By the above, f ′ ∈ C ′ we , so we conclude that so is f . The identity functor gives a left Quillen equivalence C → C ′ because the weak equivalences of the two structures are the same, and C cof ⊆ C ′ cof . We are now ready to show that any model structure on C is Quillen equivalent to the one constructed in Theorem 4.4 in the case where all connected components of W are small. Theorem 5.3. Suppose that C is a bicomplete poset and W is a category satisfying (S2OF3) such that all connected components of W are small. If a choice of centers exists then any two model structures on C with weak equivalences W are Quillen eqivalent via a zigzag of identity functors.
Proof. Let C 1 , C 2 be any model structures on C with weak equivalences W, and let χ i be the choice of centers given by C i . Let C ′ i be the model structure constructed in Proposition 5.1 for C i and χ i ; the identity functor is a left Quillen equivalence
, so the identity functor is also a left Quillen equivalence C χ i i → C ′ i . By Lemma 1.12, χ = χ 1 × χ 2 is another choice of centers; note that there exists a natural transformation χ → χ i . We know that W
, and the identity functor is a left Quillen equivalence C χ i → C χ . Concatenating these zigzags gives us the desired zigzag of Quillen equivalences.
Model structures on posets up to general Quillen equivalence
Suppose that C is a poset with model structure C.
Theorem 6.1. C is Quillen equivalent to a model structure D on a poset D given by
Most of the proof of this theorem is contained in the following proposition:
Proposition 6.2. Let C c be the full subcategory of cofibrant objects in C. We define
C c is model structure on C c and the inclusion ι: C c → C is a left Quillen equivalence C c → C.
Proof. First, note that C c is bicomplete. In order to check that a poset is bicomplete it suffices to check that it has all products and coproducts. An arbitrary coproduct of cofibrant objects is still cofibrant, so it suffices to check that C c has all products. Let {A i } i∈I be a tuple of objects of C c , and let B = A i ∈ C. We claim that B c is the product of A i in C c . Indeed, suppose that a cofibrant object D has morphisms D → A i for all i. Then we have a diagram
which has a lift h: D → B c . Thus all cofibrant objects with morphisms to B have morphisms to B c . As morphisms are uniquely determined by their source and target this makes B c into the product of the A i inside C c . Thus C c is bicomplete.
To check that the given structure on C c is actually a model structure by [MP12, 14.1.13] it is only necessary to check that factorizations work. Thus we need to check that any morphism f : A → B between cofibrant objects has a factorization as A ∼ ֒→ A ′ ։ B where A ′ is cofibrant. But this is true simply because if we take the factorization in C, A ′ is forced to be cofibrant because A ֒→ A ′ . Analogously, f can also be factored into a cofibration followed by an acyclic fibration in C c . Thus the given structure is a valid model structure.
We define a right adjoint γ to ι by sending each object A to its cofibrant replacement, which is well-defined by Lemma 2.2. To see that it is functorial, suppose that we have a morphism f : A → B and consider the following diagram
The lift h exists and is unique because C is a poset; we set γ(f ) = h. By Lemma 2.2 we know that γ(ι(A)) = A, so the unit of the adjunction is the identity transformation. The counit of the transformation is the acyclic fibration γ(A) ∼ ։ A. As ι preserves cofibrations and weak equivalences by definition, it is a left Quillen functor; as the unit and counit of the adjunction are natural weak equivalences it is a left Quillen equivalence, as desired.
We now use this to prove the theorem.
Proof of Theorem 6.1. Let C c be the full subcategory of C containing all cofibrant objects, and let C cf be the full subcategory of C containing all cofibrant and fibrant objects. By Proposition 6.2 we know that C is left Quillen equivalent to C c . By the dual of Propositon 6.2, C c is right Quillen equivalent to C cf . Thus every model category on a poset is Quillen equivalent to a model category where all objects are fibrant and cofibrant.
Let D = C cf ; by the construction in 6.2 we have a model structure D on D where
Thus all objects in D are cofibrant and fibrant. Any model structure where all objects are fibrant and cofibrant must have all weak equivalence classes consisting of exactly one object and D we = iso D. By Proposition 2.7 we see that all morphisms into any object must be cofibrations, and all morphisms out of any object must be fibrations; consequently, D cof = D f ib = D, as desired.
Corollary 6.3. Any model category C whose underlying category is a poset is Quillen equivalent to its homotopy category.
We conclude this section with an analysis of cofibrantly generated model structures on posets.
Theorem 6.4. Let C be any poset, and C a model structure on C. If C is small then C is cofibrantly generated; conversely, if C is cofibrantly generated then C is right Quillen equivalent to a small model category.
Proof. If C is small then it is clearly cofibrantly generated: we can define the set of generating cofibrations to be the set of all cofibrations, and the set of generating acyclic cofibrations to be the set of all acyclic cofibrations.
By Proposition 6.2 it suffices to show that C c is small. As C is cofibrantly generated we have a set S = {f i : A i → B i } of generating cofibrations. For any object X ∈ C we can construct its cofibrant replacement γ(X) by defining γ 0 (X) = ∅ and setting γ n+1 (X) to be the pushout of
where S n = {i ∈ S | Hom(A i , γ n (X)) × Hom(B i , X) = ∅}.
However, this pushout is equal to the coproduct i∈Sn B i ∐ γ n (X), and as for any nonempty set T and any object A ∈ C we have T A = A, we see that γ n+1 (X) = i∈Sn B i .
We also have S n ⊆ S n+1 . Thus if we set S ∞ = n≥0 S n we see that γ(X) = i∈S∞ B i . In particular, all cofibrant replacements correspond to subsets of S; as S is a set, the class of cofibrant objects must also be a set. Thus we see that if C is cofibrantly generated it is right Quillen equivalent to a small model category.
This gives us a complete classification of model structures on posets up to Quillen equivalence. 
